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Abstract —The variation of transmission phase for single- and dual-gate

GaAs MESFET’S with bias change and its probable effects on the perform-
ance of an active phase shifter have been studied for the frequency range 2

to 4 GHz. From measured S-parameter vahtes for single- and dtud-gate

transistors, the element values of the equivalent circuits were fitted by

using the computer-aided design program SUPER COMPACT.

For the normal full-gate voltage range O to – 2 V at VD~= 4 V, the

single-gate MESFET varies in transmission phase from 142° to 149° at

2 GHz, and from 109” to 119° at 4 GHz. However, with drain voltage

varied from 0.3 to 4 V and a constant gate-voltage bias of O V, the phase

shifts are much larger, 105° to 145° at 2 GHz and 78” to 112° at 4 GHz.

This suggests that large phase shifts may be expected in a dual-gate device

and this is found to be SO.With V~~ = 4 V and VG~l= – 1.0V, Vfiation of
control (second) gate bias from O to – 1.75 V for the NE463 GaAs

MESFET produces a transmission phase variation from 95° to 132° at 2

GHz and 41” to S8° at 4 GHz.

Such phase shifts cause both mnpfitode and phase errors in phase-sfdfter

circuits of the kind where signsdsfrom two FET channels are combkred in

quadrature with their gate voltages controlled to provide O“ to 90” phase

control with constant mnpfitade. For the single-gate FET examined, the

expected ampfitude and phase errors are 0.30 dB and 6° at 2 GHz, and

0.36 dB and 10° at 4 GHz. If dual-gate FET’s are used in similar circuits,

the distribution of errors is different. For NFA63 devices, the correspond-

ing figures are 0.56 dB and 2° at 2 GHz and 1.2 dB and 3° at 4 GHz. The

advantage of the dual-gate configuration is that the input impedance

conditions are more constant than for the single-gate configuration.

I INTRODUCTION

PHASE-SHIFT CIRCUITS are needed in phased-array

antennas to steer the radiation direction by varying

the phase across the array elements. The type of phase

shifters to be used is decided by specific requirements like

low VSWR, power-handling capability, insertion loss,

switching speed, and bandwidth, together with cost, size,

weight, and other mechanical considerations. Switched

transmission-line phase shifters using p-i-n diodes and

ferrite phase shifters are among the technologies used.

With the rapid development of microwave integrated

circuits on semi-insulating GRAS substrates, there has ap-
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peared a need to realize a phase shifter which can be easily

integrated with the rest of the circuitry using the same

technology. The p-i-n and ferrite approaches are not con-

venient for monolithic integration. In this paper, a phase

shifter using dual-gate MESFET’S reported recently by

Kumar et al. [1] will be studied. This phase shifter uses the

operating principle shown in Fig. 1. Two signals, 90°

out-of-phase, are presented to the two channels, namely, x

and y. The output of each channel is controlled by a

variable gain amplifier using a dual-gate MESFET. These

two signals are then combined by an in-phase combiner to

produce a resultant vector, as shown in Fig. l(b). The

vector amplitude as well as the angle of rotation can easily

be controlled by adjusting the individual x and y compo-

nents. In this way, one can achieve a phase shift of 00 to

90° and, with four dual-gate FET’s, Kumar et al. [1] have

shown how one may have a full 00 -to-360° phase shift.

This type of phase-shifting technique is different from

that studied by Tsironis and Harrop [2], where the intrinsic

circuit elements are changed by changing one of the gate

biases, and this in turn changes the transmission phase.

They obtained a gain of 4 dB with 120° continuous phase

shift at 12 GHz. This is suitable for narrow-band applica-

tions. The advantages of a dual-gate MESFET phase shifter

are stated in [1], to which may be added the advantage of

monolithic integration. Such shifters are limited to a low-

power stage and are followed by amplification before the

signal is fed to the antenna elements. The phase-shifted

amplitude reported in [1] shows a fluctuation of +2.5 dB;

this kind of amplitude variation would produce unaccept-

able beam control in a phased-array antenna. One cause

for such a variation becomes apparent if one considers the

way the phase shift is being carried out. For obtaining a

450 phase shift, both the channels are switched on (i.e., 0.0

V on the control gate); then, keeping one of the channels

fixed, the other control gate voltage is ramped linearly

from O V to pinchoff. This rotates the vector resultant from

45° to 0°, as in Fig. l(c). With the channel action inter-

changed, the vector is rotated from 450 to 90°. If we

assume each channel has constant transmission phase, the

resultant amplitude will vary from (fiA ) at 450 to A at 0°

(or 900), where A is the maximum amplitude in any

channel with the control gate bias at O V. This will cause a
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Fig. 1. Quadrature phase shifter operation: (a) Schematic diagram of

active phase shifter showing input and output couplers and x- and
y-channel amplifiers. (b) Resultant output vector composed of x- and

y-channel components. (c) Phase\arrplitude pattern used by Kumar
et al. [1].

maximum deviation of amplitude at 450, with respect to

the amplitude at phase shifts of 0° and 90°. This accounts

for 3-dB variation from the minimum value, occurring at

N x 90° phase shifts, N being an integer. During the

subsequent analysis, we will point out that phase variation

with gate voltage will add to the amplitude and phase

fluctuation.

Before considering phase shifters using dual-gate

MESFET’S, it is interesting to examine the probable per-

formance of a phase shifter using single-gate FET’s in the

two channels, instead of dual-gate MESFET’S, The gate

voltages of the single-gate FETs will be varied to change

the amplitudes in the two channels.

Section II describes the variation of the single-gate FET

intrinsic elements with gate-bias change and their effect on

the transmission phase characteristics. Tha change in the

intrinsic elements with drain-bias change in a single-gate

FET and with control gate-bias change in a dual-gate FET

are discussed with their effects on the transmission phase

in Section III. Section IV shows the overall effects on the

performance of single- and dual-gate FET phase shifters

and discusses a possible correction for the amplitude error.

While variable gain amplifier-shifters using single- or

dual-gate FET’s must include matching networks, it is

believed that the variation of transmission phase with bias

in the FET itself is the primary source of phase errors. This

study, therefore, focusses on the FET intrinsic phase re-

sponse.
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Fig. 2. Equivalent circuit model of the single-gate FET. (a) The circuit
model and elements. Intrinsic elements inside the dotted line may

change with bias. (b) Typical element values for V~~ = 4.0 V, VG~ = O
V, and 1~~ = 34 mA.

II. TRANSMISSION PHASE CHARACTERISTICS IN A

SINGLE-GATE FET

A single-gate GaAs MESFET (LN1-5 # 2B) fabricated

at Westinghouse was chosen for this investigation. The gate

length was 1 ~m and the gate width was 4X 75 pm. The

source–gate distance was 1 pm and the gate–drain distance

was 1 pm. The channel doping was 1.1X 1017cm – 3 and the

pinchoff voltage was just under – 2 V on the gate. The

S-parameters of this transistor were measured from 2 to 4

GHz at different gate-bias points with the drain voltage

fixed. They were then used to determine the equivalent

circuit model of Fig. 2. The typical element values after

computer fitting using SUPER COMPACT are given in

the caption. The bias-voltage variation affects only the

intrinsic elements of the equivalent circuit. The parasitic

due to bonding wires were, therefore, removed from the

model. The resulting circuit has a transmission phase given ‘

by

()@=@l-1(f4)–tan-l 3
Y

(1)

where

tiT2 +sin~r
A=

Cos 6.)’7’+ (/.?7172
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r = transit time in the gate region,

~1 = RinCg~,

Cdg
~2. —

“~
i3m0

73 = (:dg + cgs)/Gds~

G,= ~ and G~ = l/R~.
s

In the above equation, we have identified three im-

portant time constants rl, Tz, and r~, which are dependent

on elements that change with bias.

The variations of transmission phase and amplitude with

gate bias are given in Fig. 3 for 2, 3, and 4 GHz. The phase

variation near maximum amplitude (i.e., near V~ = O V)

increases as the frequency increases. In a quadrature phase-

shift circuit, this will effectively increase the amplitude

variation of the resultant vector tip. A figure of merit can

be defined as the ratio of the slope of the magnitude of Szl

versus gate bias to the slope of the phase of S21 with gate

bias, i.e.,

Figure of merit=
(lAS211/AV~)

(A <S,l/AV~) “

The higher the figure of merit is, the less the amplitude

fluctuations with phase change, as will be seen from the

discussion in Section IV. The variation of the FET ele-

ments with the gate bias is shown in Fig. 4, As the FET

approaches pinchoff, the depletion region under the gate

increases. This results in a decrease in both R,n and Cg,, as

shown in the upper curves of Fig. 4. The transit time ~ in

the gate region also follows the same pattern.

As shown by Engelmann and Liechti [3], the pinchoff of

the channel reduces the dipole region. We believe this

reduction of charge in the dipole modifies the electric field

and so reduces the transit time. The variation of Cdg is

small. Others who have considered the bias dependence of

the elements for the large-signal case include Willing et al.

[4] and Tajima et al. [5]. In our analysis, we have ap-

proximately maintained R,nC@,,proportional to transit time

[6].
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Fig. 3. Amplitude and angle of S21 are shown against the gate voltage at

2, 3, and 4 GHz. The values are calculated from the equivalent circuit

derived from the measured S-parameters.
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Fig. 4. The variation of the elements in the equwalent circuit of a

single-gate FET with change in gate-to-source voltage. The values are
obtained through the fitting of the measured S-parameters.

The fall in Fig. 4 of transconductance g~O when ap-

proaching pinchoff is expected. The channel resistance R ~$

shows a small decrease near %~ = O V and then steadily

increases as the channel is pinched off. As these changes

occur, the time constants of the device also change.

The effect of each of three previously identified element

groups or time constants [RznC~~, Cd~/gmo, and (Cg, +

C~g)/Gd,l On the transmission phase of the FET is shown
in Table I. These time constants have been varied as the

gate-voltage changes. All FET elements were fixed at the

Vg~= – 1.0 V values, except those in the time constant

being examined. As the time constant was varied, the phase

of Szl was recorded and the maximum and minimum

values at 2 and 4 GHz are noted in Table I. The R ,nC~,
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Fig. 5. Dual-gate FET behavior, dc operation. (a) Schematic of dual-gate

FET. (b) Equivalent dual-gate FET using two single-gate FET’s. FET2
is the load for FET1. (c) For fixed gate voltage on FET1, V~l, the drain

current varies as V~2 is changed. Operation follows the constant VG1
line (solid curve).

TABLE I
CHANGE OF PHASE ANGLE OF S21 WITH VARIATION OF CIRCUIT

PARAMETERS ASSOCIATED WITH GATE VOLTAGE CHANGE*

FREO 2 GH, 4 GH,

<S2, (degl M,” Max Mm Max

8(n and Co%varmd 143° 151° 10e” 123”

%, % ““a % ““”d
143” 14$ 111” 119”

Cx and Smo wed 143° 148° 1100 1190

.All the other elements are kept constant at thw values
s .,.0 “,

‘“r ‘GS

factor produced the greatest impact on the transmission

phase, but no single time constant dominated.

The gain of the single-gate FET (Illzll) does not change

monotonically with gate bias. The gain not only drops off

near pinchoff due to a decrease in the transconductance of

the device, but it also decreases to a smaller extent near

V~~ = O due to the rise in input capacitance Cg,, Using the

gate voltage of the single-gate FET for gain control, there-

fore, requires limiting the applied range of gate voltages

from pinchoff to less than zero V, if a monotonic gain

variation is needed.

III. TRANSMISSION PHASE CHARACTERISTICS OF

DUAL-GATE MESFET’S

A dual-gate MESFET can be considered as two single-

gate FET’s as shown in Fig. 5. Consider the dc operation
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Fig. 6. Equivalent circuit of ~ dual-gate MESFET used for fitting

measured S-parameters. Elements inside the dotted lines are in~trinsic

and vary with the bias conditions. Typicaf values are shown in Table II.

TABLE II
EQUIVALENT CIRCUIT ELEMENTS OF A DUAL-GATE MESFET

(NE463)

Gate length = / pm and twdth = 2 x 160 pm

Spacln9. 9ate I to 9ate 2 = 3 pm, 9ate 1 to SO.f.e = 1 flm

gate 2 to dretm = 1 /,m

Channel doping N = 8 x 10’8 cm-z.

P,nch-off voltage about -2 V

6, Cond, t,ons Co.sflde,ed

VDD “ 4.0v

vat = -l.Ov

‘G2. O,ov

10 = le.9 mA

Intrmsm Components Extn”s.m Ccmw.ne.ts

Cg,l = 0446 PF L,,, = 0,304 .H

R,., = X4 ohms Rol, . 3.2 ohm.

%9,
. 0.08 PF R,p . 0,001 ohms

%o = 23.5 rmnho L,. = 0001 .H

%s1 = laO “hms c ,,, . 0.oa5 PF I

, , = 3,76 Dsec

= 0,11 PF%s2 = 0,001 “H
%2,

. I ohmsR(”2 = 0.001 ohms
%2,

%$2 . 0.33 PF
%

= 0.458 “H

%20 . ze.e mmho
U

= 4.31 ohms

‘d,z . 240 ohms % , 0.043 PF

.2. 2 psec

of a dual-gate FET with the voltage at the first gate V&

fixed. The drain current 1~1 (or lDZ since both FET’s have

the same drain current flowing through them) will be on a

particular P’& curve, as shown in Fig. 5(c). The value of ldl

will be decided by the load FET2 presents to FET1 and the

gate voltage V~l. The total drain voltage will be shared by

FET1 and FET2. As V~2 is reduced, the drain current will

be reduced and the drain voltage on FET1 V~l drops, as

shown in Fig. 5(c). FET1 then enters the nonsaturated
region. For fufther negative voltage on V~2, FET2 ap-

proaches pinchoff. As FET1 is driven out of saturation, the

trrsnsconductance of FET1 is reduced.

The microwave equivalent circuit of a dual-gate MESFET

is shown in Fig. 6 as a common-source FET connected in

series with a common-gate FET. The S-parameters of an

NE463 dual-gate GaAs MESFET were measured as a

function of the second gate bias V&. These were used to
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derive the values of the equivalent circuit model in Fig. 6.

Typical element values are listed in Table II. The parasitic

due to bond wires at the source and at the control gate

were quite small and were dropped out of the equivalent

circuit in the subsequent analysis. The amplitude and phase

of Szl are plotted against the control gate voltage in Fig. 7.
The fall in ISZII is quite steep compared to that in Fig. 3 for

the single-gate FET. This implies a rapid fall of g~,l as V~z

r I I I I I

70~
Drain Voltage, volts “ “

Fig. 9. Transmission phase variation with dram voltage for a single-gate
FET. The phase is nearly constant above V,=t, but it changes rapidly as
the FET goes into nonsaturation.

is made more negative and, hence, control over the gain is

achieved.

In order to understand the influence of the particular

model elements (or time constants) on phase variation in

the dual-gate FET, it is necessary to consider the behavior

of FET1 in Fig. 5. This can be represented by a single-gate

FET, the drain–source voltage of which is varied and

whose gate voltage remains constant.

To review the changes in a single-gate FET as the drain

voltage is changed, variations of the circuit elements of a

Westinghouse single-gate MESFET with V~~ changed from

0.25 to 4.0 V with the gate grounded are shown in Fig. 8.

Cdg decreases as the drain voltage is increased as expected.

The transit time r first decreases as the drain–source

voltage reaches 1 V, then rises substantially, between 1 and

4-V drain bias. The transconductance gn shows a drop in

the nonsaturated region below V~~ = 2 V. R,n is relatively

constant over the whole range of drain voltages, while Cg,

follows the same pattern as reported in [3].

Fig. 9 shows the transmission phase variation of the

single-gate FET with the drain voltage. The most im-

portant feature is its rapid change in the nonsaturated

region below V~~ = 2 V. The phase of the single-gate FET

as a function of gate voltage (Fig. 3) only varied by 10° or

less, while Fig. 9 shows over 30° change. The sensitivity of

transmission phase with respect to the various time con-

stants described in Section II is shown in Fig. 10. The

values of ( Cd~/g~O ) and Cd~ + Cg, /G~, are relatively con-
stant when the FET is saturated at drain voltages above
2 V. Large variations occur below 2 V, however, where Cdg

rises and gm falls as the drain voltage approaches zero. The

influence of R,nC~~ is much smaller. With this information

as a background, we can now return to consideration of

dual-gate FET’s.

The variations of the important elements in the equiva-

lent circuit of a dual-gate MESFET (NE463) as the second-

gate voltage is changed are shown in Fig. 11. The value of

Cdg is quite large because of the grounded second-gate pad

close to the drain. With an increase of negative bias on the

second gate, the drain voltage across FET2 increases and

this should reduce Cdg2. But, at the same time, FET2 is
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tending to pinchoff, which inhibits the formation of any

dipole layer near the drain. The lack of dipole formation

apparently dominates and keeps Cdg2 l@h. The sensiti~ty

of the transmission phase with respect to the transconduc-

tances, drain-source resistance, and feedback capacitance
is plotted in Fig. 12. It is apparent that altering g~ll causes

a large variation of transmission phase as a function of

second-gate voltage. This is in agreement with the identifi-

cation of (C&l /g~l) as the domin~t time constant for an

FET operated with varying drain voltage on FET1 of the

dual-gate FET. Since it is the large variation in g~l with
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Fig. 12. Transmission phase of a dual-gate FET with respect to different

elements in the equivalent circuit. The variable element was assumed to
have the values with second-gate bias shown in Fig. 11. AU other FET

elements are fixed at VG2 = – 1.0 V values.

V~j which enables the dual-gate FET to be used as a gain

control element, this implies that no ready solution exists

to eliminate the phase variations.

IV. PERFORMANCE EXPECTED OF PHASE SHIFTERS

USING SINGLE- AND DUAL-GATE FET’s

The performance of a phase shifter employing a qua~dra-

ture combination of variable amplitude signals, of the type

in Fig. l(a), will now be considered in light of the phase-shift

effects discussed in Sections II and III. In Section I, it was

pointed out that a part of the amplitude errors displayed in

the study by Kumar et al. [1] stemmed from the wa~y in

which the phase shift was carried out (Fig. l(c)). A further

problem is that the transmission phases of the FET ampli-

fiers change with the bias conditions and therefore the x

and y components of the desired vector are only ap-

proximately at right angles to each other. Hence, there can

be both phase and amplitude errors.

If we combine the outputs, which are 90° apart in phase,

of our two single-gate FET’s with their gate voltages varied,

the maximum phase and amplitude fluctuations for the

phase shifter occur at 4 GHz, as shown in Fig. 13. The

amplitude reference is taken to be the output of one

channel with the other turned off. The transmission phase

data are normalized to the phase under these conditions. If

only a portion of the total gain variation capability of the

single-gate FET is used, where V~ is varied from – 0.5 V to

pinchoff, the errors at 4 GHz are only +0.14 dB in

~plitude and 4° in phase.

Consider the use of dual-g?te MESFE’17S (NE463) in the

phase-shifter circuit. The calculated result for the ampli-
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Fig. 13. The calculated vector amptitude and phase variations for the

single-gate FET phase shifter, The gate voltage has been varied from
O V to pinchoff. The dotted portions of the curves have been extrapo-
lated.
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(NE 463)

I ‘
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Fig. 14. The calculated vector amplitude (ratio with respect to the

input) and phase variations of the duaf-gate FET phase shifter. The
gate (control) voltage is varied from O V to pinch-off.

tude and phase errors as a function of the phase shift are

shown in Fig. 14. The amplitude error is higher than for

the single-gate FET circuit; for instance, +0.6 dB at

4 GHz for the dual-gate compared to +0.18 dB for the

single-gate FET. The maximum phase deviation is only

– 3° for the dual-gate FET, which is better than for the

single-gate FET.

If, in a calibrated phase shifter, a look-up table is

provided with appropriate digital values to generate the x-

and y-channel biases, it should be possible at any chosen

frequency to achieve error-free amplitude at any selected

phase. A graphical demonstration of the required bias

voltage for entry into such a table is shown in Fig. 15 for

Single Gate. LN1-5 #B

’00
=4 volts

Y Freq. = 4.0 GHz ~
A

F\l

x-Axis Gate Voltage
-x

Fig. 15. Polar plot of all possible vectors which can be achieved using a

quadrature phase shifter with single-gate FET’s. Each grid line repre-
sents a 0.2-V step in the gate voltage on the FET. The sample vector lies

on an arc from O to 90°.

Dual Gate (NE 463)
“DO =4. o volts, “G, = -1.0 volt

=
0 Freq. = 4.0 GHz

&X-Channel Control Voltage Range ~

Fig. 16. Polaz plot of afl possible vectors which can be achieved using a

quadrature phase shifter with durd-gate FET’s. Each grid line represents
a 0.2-V step in control-gate voltage. Since the solid arc lies outside the
achievable range near the y axis, the dotted arc must be used with some

sacrifice in amplifier gain.

the single-gate FET circuit. The loci of AX and AY, the

components of the desired vector, are drawn at regular

intervals of gate voltage parallel to the x and y directions.

This gives the total field over which we can produce a

vector by some suitable combination of AX and xlY. As

shown in Fig. 15, we can produce the vector at angle

6 with a gate voltage of – 1.0 V on the x-channel and

– 1.4 V on the y-channel transistor. Hence, the required

table of gate-bias voltages may be readily compiled. The

polar plot gives insight into the effects taking place.

A similar chart for the use of dual-gate transistors

(NE463) is presented in Fig. 16. The maximum available

amplitude represented by the solid lines” at 0° and 90°
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cannot be maintained, since the locus then swept falls

outside the field of the chart when 6 exceeds about 80°.

Instead, the amplitude of the locus must be reduced to that

of the dotted circle that touches the V~ = O V curve for the

y channel. This circle intersects the pinchoff curves for the

x and y channels and new quadrature axes x’ and y’ are

drawn through these intersections. Now, the vector rota-

tion must be counted with respect to these new axes. The

distance between the two circles is the gain sacrifice to be

made to swing the full-phase difference from 0° to 90°

with a constant amplitude. In order to obtain this vector,

we use the full gate-bias range for the y channel (i.e., O to

pinchoff), but for the x channel the voltage variation is

from slightly below O V to pinchoff. This situation will be

reversed in the next quadrant, i.e., from 90° to 180° and so

on. The presence of input and output matching circuits

could be included in such an approach.

This simple graphical representation provides insight

into the problem, but it shows only a method of calibration

for a single frequency and at a fixed temperature. A family

of graphs would be needed to cover a practical wide-band

circuit over a usable temperature range, and should include

also the effects of input and output matching circuits that

are provided.

V. DISCUSSION

The variation of transmission phase and gain with bias

change for both single- and dual-gate GaAs FET’s has

been examined. The ratio of feedback capacitance to trans-

conductance (C~g/g~O ) as a function of gateor drainbias

dominates the phase variation in these devices. When used

in a two-channel, 90° phase shifter, the phase variation in

the FET’s causes errors in the resultant vector. Considering

the magnitude and phase errors in the quadrature phase

shifter with both types of FET’.s, the single-gate device

shows better amplitude control over the 0° to 90° range

than the dual-gate device.

The choice of which device to use is not determined by

only the transmission phase characteristics, however. The

single-gate MESFET has no isolation between ‘the input

impedance of the device and the control voltage, whereas

the dual-gate FET does. This results in a wide variation of

Cg~ as the gate voltage is varied. The input reflection angle

of the single-gate device changes as much as 20° when the

gate voltage is varied from O to – 2.0 V at 3 GHz; at 4

GHz, this spread of angle is even greater. The dual-gate

device changes its input phase by only50 as the second-gate

bias is reduced from O to – 1.75 V. Here, the input

matching circuits for the circuit with dual-gate transistors

may be expected to be easier to design than for a phase

shifter with single-gate transistors.
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Correction Due to a Finite Permittivity for a
Ring Resonator in Free Space

RONALD DE SMEDT

Abstract —To better determine the resouant fields of a dielectric reso-

nator with high perrnittivity c,, the asymptotic theory with l/~ as a

small parameter is extended by adding bigher order terms in I/& in the

fields, the resonant wavenmnber, and radiation Q. Extensive data are

shown for the +-independent “ nonconfined” mode of a ring resonator,

which radiates as a magnetic dipole. Some results are added for the

“magnetic quadruple>’ mode.

I. INTRODUCTION

T HE CHARACTERISTICS of a dielectric resonator of

high permittivity, an important component of micro-

wave circuits [1]–[2], have been investigated extensively

[3]-[12]. A solution for arbitrary ~, requires the solution of

the field problem for each c, encountered in practice. This

cumbersome procedure can be avoided by introducing a

perturbational approach based on a series expansion in

l/iV = l/~ [9]–[11]. The leading term in these series

gives good results as soon as c, exceeds, say, 100 [11], [13],

[14]. Present resonators, however, are based on materials

with c, of the order of 38, because these materials have

better temperature coefficients, lower losses, and are more

reproducible. The present paper endeavors to extend the

limit of applicability of the perturbational approach by

evaluating higher order terms in the series in 1/N. Numeri-

cal data are given for the lowest +-independent “ noncon-
fined” resonant modes of a ring resonator located in free

space (Fig. 1). These modes radiate either as a magnetic

dipole or a quadruple. The quadruple mode satisfies an

“electric wall” condition in the z = O plane and, hence, is

relevant for a resonator located on a metallic plane [13].

Manuscript received August 3, 1983; revised May 14, 1984. This work
was supported by the Belgian Fund for Scientific Research.

The author is with the University of Ghent, Laboratory of Electromag-
netism and Acoustics, Sint-Pietersnieuwstraat 41, B-9000 Ghent, Belgium.

II. MATHEMATICAL FORMULATION

A. Fields

The @-independent fields with azimuthal ~ of an axially

symmetric resonator can be derived from a scalar function

a( r, z), according to

(1)

k is the wavenumber in the dielectric and Rc = I= =

120 T the free-space impedance. r, O, z are cylindrical coor-

dinates with the z-axis along the symmetry axis of the

resonator, a meridian cross section of which appears in Fig.

1. By substituting (1) in Maxwell’s equations, we find that

(L%+ k2cx= O, in S

\

~a+ga=o
in S’ and S“

N2 ‘

(2)

where S is the cross section of the inner volume of the

resonator and S‘ and S’” of the outer volume. The dif -
ferential operator JZ is

The functions a and 6’a/6’n are continuous on C (the

interface between resonator and vacuum), while a is zero

on the z-axis and regular at infinity. For a dipole mode, a

is symmetric about the z = O plane, while for a quadruple

mode it is antisymmetric. To apply the perturbational
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